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Young's  Modulus  of  elasticity 
Elastic  shear  modulus 
Ring  cross-sectional  moment  of  Inertia 
Combined  maximum  shear  stress 
Material  yield  stress  in  tension 
Torque 

Torque  in  the  shorter  arc  of  the  ring  preform 
Torque  in  the  longer  arc  of  the  ring  preform 
Transverse  shear  force  in  the  ring 

Geometrical  factor  for  elastic  torsion  (equivalent  to  the  polar 
moment  of  inertia) 

Geometrical  factor  for  elastic-plastic  torsion  similar  to  the  elastic 
torsion  factor 
Radius  of  the  ring 

Circumferential  distance  on  the  ring 

Deflection  normal  to  the  plane  of  the  ring 

Measure  of  one  half  the  Included  angle  between  the  grips 

Angle  of  twist  between  the  grips 

Angle  of  twist  between  the  grips  at  which  the  ring  material  reaches 
the  elastic  limit  in  the  shorter  arc 
Angle  of  twist  between  the  grips  beyond 
Total  angle  of  twist  between  the  grips 
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-  Residual  aagle  of  twist  between  the  grips 
p  -  Radius  In  a  circular  cross-section  of  the  ring 
pQ  ~  Outer  radius  of  the  ring  cross-section 

Pp  -  Elastic-plastic  Interface  radius  of  the  ring  cross-section 


INTRODUCTION 


In  a  De  Range  obturator  the  split  rings  have  the  function  of  preventing 
the  pad  material  from  being  extruded  out  between  the  spindle  and  tube  or 
between  the  disk  and  tube.  This  pad  sealing  function  can  only  be  accomplished 
If  the  rings  are  free  to  expand  out  to  contact  the  tube;  thus  the  requirement 
for  the  split  In  the  split  rings.  However,  unless  a  certain  minimum  residual 
force  (or  preload)  is  maintained  on  the  split  there  will  be  a  tendency  for  the 
obturator  pad  material  to  be  extruded  Into  the  split  when  the  ring  dilates  and 
then  nibbled  off  when  the  ring  is  unloaded  and  allowed  to  close  up  again.  It 
the  required  preload  cannot  be  consistently  obtained  in  the  production  of  thr- 
rings  then  a  problem  will  exist  since  rings  which  fall  to  meet  specification 
cannot  be  reworked  and  must  be  scrapped. 

Since  the  preloading  (or  "kinking”)  of  the  ring  preforms  Is  not  a  closely 
controlled  process  and  indeed  Is  largely  a  matter  of  the  operator's  judgment, 
It  would  seem  desirable  to  study  the  mechanics  of  the  process.  The  following 
analyses  are  an  attempt  to  put  the  design  of  the  fixture,  the  process,  and  the 
dimensioning  of  the  preform  on  a  rational  basis.  Specifically,  we  wish  to 
know  the  Included  angle,  Oq,  between  the  fixture  grips,  and  the  relative 
angular  displacement,  (frx,  of  the  grips  that  will  give  the  greatest  residual 
transverse  shear  force  In  the  ring  preform.  We  would  also  like  to  know  what 
width  the  ring  preform  should  have  so  as  to  minimize  the  amount  of  stock 
removal  in  the  final  machining  process  while  still  allowing  for  adequate 
material  for  the  finished  ring. 
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To  see  how  torque  and  transverse  shear  are  related,  consider  a  segment  of 
the  ring  of  radius,  r,  which  Is  subjected  to  an  applied  torque  as  shown  In 
Figure  1.  Taking  moments  about  the  radial  axis: 

2T  sin  0  -  2Vr  sin  0 


or 


T  *  Vr  .  (1) 

Thus  gripping  a  ring  preform  at  the  locations  Indicated  In  Figure  2  and 
twisting  In  opposite  directions  to  the  extent  that  permanent  deformation 
occurs  In  the  shorter  arc  of  the  ring  will  Induce  a  shear  preload  Into  the 
ring. 


The  process  which  the  ring  undergoes  Is  shown  In  Figure  3  where  the  solid 
line  represents  the  torsion  In  the  shorter  arc  and  the  broken  line  represents 
the  torsion  In  the  longer  arc.  Examination  of  the  figure  will  show  that  the 
greatest  residual  torque  occurs  when  0q  Is  chosen  so  that  the  slopes  of  the 
torque-twist  plots  are  such  that  the  longer  arc  Is  just  about  to  yield  when 
=•  (ji-p  and  the  shorter  arc  Is  just  about  to  reverse  yield  when  i|)  =•  (t>R.  These 
conditions  are  met  If 


"tiE  ®o 
<I>T  '’~^o 


and  <l>'p  -  (j)R  =  2i)>e 


(2) 
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DETERMINATION  OF  Sq  AND  (j)^ 

In  order  that  a  fixture  may  be  constructed  to  provide  the  means  for 
optimum  twisting  of  the  ring  preforms,  the  angle  Bq  must  be  determined.  To  do 
this  we  start  by  noting  that 


®o  ‘t’E  ‘{'T~‘t>P  'I’P 

'I'T  't’T  'tiT 

which  readily  gives 


4>p 

1 - 


2 - 

(j)T 


Also  we  have 


(3) 


which  gives 


and 


so  that 


<t)T  -  (t)R  =  2(j)E  =  2((l)x  -  ij>R) 


1  - 


■tp  1 

—  =  -  (1 

■Jit  2 


't’R 
—  ) 

(J>T 


tp  1 
-  =  -  (3 
(Jit  2 


'l>R 
— ) 
(Jit 


(4) 
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The  torque  on  a  twisted  bar  or  section  of  ring  Is  Inversely  proportional 
to  the  length  of  the  twisted  section  and  directly  proportional  to  the  angle  of 
twist,  shear  modulus,  and  a  geometrical  factor.  For  elastic  deformation  the 
geometrical  factor  shall  be  designated  Hcj ,  and  for  elastic-plastic  deforma¬ 
tion  It  shall  be  designated  £c2.  This  amounts  to  a  bilinear  Ideallzat  1>  rf 
the  deformation  process. 

When  the  ring  Is  twisted  through  an  angle  (^7  and  then  allowed  to  relax, 
the  torque  In  the  shorter  arc  is  given  by 

<t>E  'i>P  <{'T"'<>R 

T'  =  -  S.C1G  +  — —  IcoG  -  ■'  IciG 

2reo  2reo  2r0o 


4'R“<tip 

2r9o 


4>P 

+  —  ic2G 
Zr 


(5) 


and  on  the  longer  arc  by 


T" 


2r(ii-0o) 


UiG 


(6) 


When  the  external  torque  Is  completely  removed  then 

X»  +  T"  »  0  , 


or 


<t>R“<t>P  <t>p 

-  +  —  (— )  +  —  —  ■  0 

®0  ®0 


(7) 
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which  after  some  manipulation  becomes 


so  that 


"tiR 

^C2  it-0o 

(— )  -  (1 

-  (  -  ) 

♦  p 

ilci 

't>R 

(|,p 

<t'R 

0-C.2  ’'“00 

(“)( 

-) 

-  (-)  -  (1 

- )( - )(1 

<t>P 

4)T 

icj  TI 

which  reduces  to 


<tiR  ic2  200 

(—)  -  (I - )(1 - )  . 

(jlf  Ac]^  n 


Direct  substitution  then  gives 


TT 


^C2  200 

1  -  (1 - )(1 - ) 

iCj  IT 


ic2 

3  -  (I - )(1  - 

ley 


®o 

The  appropriate  solution  for  —■  follows  as 

TT 


9o 


-3 


IC2 


+ 


ic2 

8( - ) 

Ici 


lc2 

4(1 - ) 

«.ci 


(8) 


(9) 


(10) 


ic2  0o 

For  a  value  of  -  =■  0  It  Is  obvious  that  —  *0  while  It  can  be  shown  that  In 

Jlci  n 

^C2  00  1 

the  limit  as  -  approaches  a  value  of  1,  “  approaches  -  . 

Ici  TT  3 


7 


The  maximum  shear  stress  on  the  cross-section  of  the  ring  In  the  longer 
arc  Is  proportional  to  th.  .lugle  of  twist  up  to  the  point  of  yielding  at  i}>  » 
Using  the  Huber-Hencky-7on  tllses  dlstml  ,n  ener,.;^  .'u-.iv  as  the  yield 
criterion  allows  us  to  write 

1  ^y  .  ,  , 

/3  ^max 

where  represents  the  angle  of  twist  corresponding  to  the  maximum  shear 
stress  Therefore,  providing  that  t)ie  yield  strengt.i  of  the  material  Is 

known  and  S^ax  determined  as  a  function  of  (p,  (p-r  :  he-  rst ’-I. 

Mso  we  have 

i-'.v  2h,^ 

4>r  =  '>t(  I  ~  — ^ 

T. 


which  may  be  used  to  calculate  the  residual  shear  force  In  the  ring  from 


V 


Tr 


r 


't’R 

2r2(m-0o) 


j G  • 


(13) 
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DETERMINATION  OF  PREFORM  SECTION  DEPTH 

The  residual  deflection  of  the  ring  preform  can  be  computed  in  order  to 
determine  if  there  Is  sufficient  material  to  finish  machine.  Assuming  that 
the  curvature  of  the  ring  Is  not  so  great  as  to  preclude  approximation  by 
prismatic  beam  theory  we  can  say 

d3y  V  T 

dx^  El  rEI 


Figure  4.  Shear  and  bending  moment  diagrams  for  the  ring  preform. 
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From  Figure  4  Is  Is  seen  that 


d2y 

dK^ 


■0  • 


(15) 


|x»r0“rTt 

Also  It  will  be  convenient  to  define  the  reference  plane  ifCf'rdlng  to 


=  y  =.  y 

x=r9=r0o  x=*r0=rn  x*r0=r(  Zu-Oq) 


=  0  .  (Ir) 


Integrating  once  gives 


d2y  (()R  icjG 

dx2  2r2(Ti-6o)  El 


X  +  cj' 


2r2(ii-0o)  El 


(r0)  +  cj" 


(17) 


d^y 

Now  since  M  *  0  at  0  ■  tt  ,  then  — r  =»  0  at  0  •  x  and  we  have 

dx2 

<t'R  ^ClG 


or 


2r2(x-0o)  El 

'J>R  ^•ciG 

2r2(x-0o)  El 


(rx)  +  Cl' 


(-rx)  . 


(18) 


Therefore 


d^y 

<I>R 

JlciG 

dx^ 

2r(x-0o) 

El 

♦r 

ZciG 

2r(x-0o) 

El 

(0-x) 


( - x)  . 


(19) 
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Integrating  again  gives 


From  the  condition  of  zero  displacement  at  0  “  Oq  and  0  =*  2ti~0£j  we  get 


0- - [<0o)^  -  3n(eo)2]  +  d'rBo  Cl  ,  (22) 

l2(ff'eo)  El 


and 

r^B  AciG 

0  .  ■  .  [ (2it-eo)^  ■  3iv(2Tr-0o)2]  +  ci'r(2it-0o)  +  ci  .  (23) 

12(it-0o)  El 


Expanding  and  subtracting  the  second  equation  from  the  first  eliminates  one  of 


the  unknown  constants* 


r(>B  IciG 

0  - - -  [-4x3  ^  6x0q2  -  200^]  +  2ci'r(x-0Q)  .  (24) 

i2(x-0o)  El 
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Dividing  and  transposing  yields 


r 


f't'R 

12(ti-0o)  EI 


(2it2  +  2iT0o 


(25) 


so  that 


r(tiR  IciG 

12(ir-0o)  EI 


(03 


3it0^  +  2n^0  +  2n0o0  '  0^0*^'  ''-1  * 


Now  since  y  »  0  at  0  *  it  we  have 


and 

y  = 


r(J)R  IciG 

12(it-0o)  EI 


(ii0o^ 


2it20o) 


r<b  p^'CiG  ^  ^  ^ 

_ (03  -  3it02  +  2ti^B  -V  2-n6o9  - 

12(ir-0o)  EI 


2it20o) 


(27) 


(28) 


! 

) 

i 

;! 


I 

I 


Also 


dx 


ri^R  iciG 

- (302  -  6ii0  +  2x2  ^  2x00  - 

12(x-0o)  EI 


The  maximum  deflection  occurs  where  ~  ®  which  Is  to  say  where 

302  -  6x0  +  2x2  +  2Tt0Q  -  0q2  .  0 
302  -  6x0  +  3x2  .  0^2  _  2x00  +  x2 

The  above  reduces  to 

3(0-x)2  -  (0o-x)2 


(29) 


(30) 


(31) 
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or 


/I  V  ± 

6  «  ^  ■  '■  ■  P  ■  ■  ■  ■  ■! 

/3 

(/3-l)n+eo  (/3fl)it-3o 

7i  ’  7i 


(32) 


Where 

(/3~l)it+0o 
0  s»  — 1^,  —  —  — . 

/3 


we  have 


2(2-/3)Tt2  +  2(/3-1)ii9o  + 


(33) 


and 


03 


2(3/l-5)ir3  +  6(2-/3)n20o.  +  3(/3-l)it0o2  +  eo3 

3/3 


(34) 


Where 


(/>H)iv-0o 


we  have 


02 


2(2+/3)Tt2  -  2(/3+1)tt0o  +  0o^ 


(35) 


and 


03 


2(3/3+5)n3  -  6(2+/3)ir20o  +  3(/^l)Tr0o2  -  6o3 

3/3 


(36) 
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Substituting  0 


A 


Into  the  deflection  equation  gives 
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APPLICATION  TO  DESIGN 


The  application  of  the  formulas  developed  in  the  previous  sections 

IC2 

requires  the  evaluation  of  the  ratio  —  .  This  is  most  easily  accomplished 

Ici 

by  first  making  a  change  in  variables.  Referring  to  Figure  3  we  see  that 


Tt-Te 

Tt 

4"r'')>E 

ici 

Te 

||>T 

'l>E 

•frE 

Tt 

(41) 


-  1 


In  most  cases  the  evaluation  of  the  ratios  — •  and  —  would  be  accomplished 
with  the  aid  of  numerical  (l.e.,  finite  element)  methods.  If  the  preform  is 
of  circular  cross-section,  however,  numerical  methods  need  not  be  resorted  to. 
Although  the  use  in  practice  of  a  circular  cross-section  is  unlikely,  the 
example  given  here  will  serve  to  demonstrate  the  application  of  the  theory  and 
may  well  serve  as  the  starting  point  for  the  analysis  of  more  practical 
shapes. 

Figure  5  shows  two  plots  of  idealized  stress  vs.  radius  relationships  for 
a  circular  cross-section  subject  to  torsion.  In  the  lower  plot  the  material 
is  Just  at  the  yield  stress  at  the  outer  radius,  Pq.  while  in  the  upper  plot 
the  material  has  yielded  inward  to  the  radius  of  the  elastic-plastic 
interface,  Pp. 
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s 


Figure  5.  Shear  stress-radius  diagram  for  circular  <. ,  ..>i.  .;.ij 

The  expression  for  the  torque  associated  with  the  purely  elastic  strain 
as  depicted  by  the  lower  plot  in  Figure  5  follows  as 

Po  Pop^y  ,  ■'*  a 

Tr  -  /  2itpSpdp  =•  J  ( - )  2iTp^dp  -  -  Sypo"*  •  (^2) 

o  o  Po  /3  2/3 


In  a  similar  way  the  torque  associated  with  the  elastic-plastic  strain  as 

depicted  by  the  upper  plot  in  Figure  3  follows  as 

Pp  fpQ 

Tf  =•  J  2iTpSpdp  +  J  2itpSpdp 
o  Pp 


Pp  p  Sy  Pp 

/  ( - )2np2dp  +  / 

o  Pp  /3  Pp 


Sy 

2Tt  —  p^dp 

/3 


n  2.1,, 

.-Sy  (-Pp3  --Pp)  . 


(43) 
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Therefore 


■^T  I 

-  I  -  -  (1  - ;)  .  (A4) 

Te  Po^ 


In  a  torslonally  loaded  member  of  given  length  and  circular  cross-section 
the  angular  deflection  is  proportional  to  the  elastic  stress  at  a  radius  and 
inversely  proportional  to  that  radius.  And  since  the  stresses  at  Pq  and  pp 
are  equal 


<t>T  Po 
't'E  Pp 


(45) 


Also  because  <1>t  "  '^R  “  have 

't'R  <t>E  Pp 

_  =  1-2  —  =  1-2  —  . 

({iq.  ())^  Pq 

Substituting  equations  (46),  (41),  and  (4)  into 

<t>R  *•0.2  20rt 


gives 


(— )  -  (1 - )(l - )  . 

i))‘r  *.ci  It 


pp 

+  6 - 1-0  . 

Po 


The  single  real  root  of  this  equation  is  —  -  0.1659. 

Po 

to  the  results 


(46) 

(8) 

(47) 

This  leads  in  turn 


*C2  Qq 

-  -  0.065996  ,  —  »  0.142295  ,  Oq  -  25.6°  and  20o  =  51.2°  . 

HCI  Tt 


I 

i 
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Thus  for  any  ring  of  circular  cross-section  the  optimum  spacing  of  the 
grips  Is  51.2  degrees.  Completion  of  the  design  will  re^ilre  the  specifica¬ 
tion  of  additional  parameters.  Let  us  assume  the  following  values  for  the 


required  dimensions  and  material  properties: 


—  =  10,  Po  -  8.255  mm  (0.325  n)  , 

Po 

Sy 

S„  =  UOO  MPa  (160  Kpsl)  ,  —  =  14.5  k  lO"^  . 

^  G 


From  the  elementary  theory  of  torsion  of  circular  elastic  rods 


^maK 


2r(n-eo) 

Po^ 


2.(1  -  -) 

r 

G  Po 


'.’e  I'avc 


(In,' 


Substituting  Into  equations  (11)  and  (12)  gives 

00 

2.(1  -  --) 

.  e 

r  ^y 

*  '  ■  ■  —  —  ■  0.45115  radian  ■  28.85° 

/3  Po  ^ 


(49> 


and 

-  0.45115(1  - )(1  - )  -  0.30145  radian  -  17.27?  (50) 

tcj  . 
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since  the  torque  on  a  circular  section  Is  equal  to  the  product  of  the 
angular  displacement,  the  polar  moment  of  inertia  and  the  shear  modulus 
divided  by  the  length  of  the  member  we  may  compute 

i^t^ciG  TiPo^Sy 

Tm  =  -  =  - -  =  563  N‘m  (415  ft.  lbs.)  ,  (51) 

2r(iT-0o)  2/3 

and 

<t)[^i!,ciG  fti'flc^G  tc2  20q 

Tr  =  -  =  -  (1 - )(1 - ) 

2r(Tt-0Q)  2r(it-0o)  Jlcj  it 


=  376  N‘m  (277  ft.  lbs.)  (52) 


The  shear  In  the  ring  is  computed  from  equation  (13)  as 

"Tr  Tr 

V  =  —  =  -  =  4555  N  (1024  lbs.)  (53) 

r 

r 

Po 

Po 

And  finally  the  width  allowance  is  given  by 

T'Po'* 

itriJiR  «,ci  00  2  Trr())R  2  9^ 

- (1 - - - (1 - )2  (54) 

18/1  (l+p)  ^  ^  18/1  (1+p)  irpo**  ^ 

T“ 


=»  2.84  mm  (0.1117  in.) 
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